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RECURSION & ALGORITHM COMPLEXITY

BITS-Pilani Hyderabad Campus



WHAT IS RECURSION?

E(How many people work under Ami’r?)é

Amit
I
| |
function search(currentDir): | Raj Deb

if targetFile exists in currentDir: i | )i
Lreturn currentDir; l l |
for each childDir in currentDir: | !

result = search(childDir) Ragini Rohit Sachin

if result is not null: | J!

return result;

. Business organization chart i
https:/ /abetterscientist.wordpress.com/ L._____. re'rurnnull, """""""" ( """""""""""""" ganization chart ) """""""

Many more: Factorial, Fibonacci seq., Towers of Hanoi, Merge sort, Quick sort, Binary search ...



|LINEAR RECURSION

*A linear recursive function is a function
that makes at most one recursive call
each time it is invoked (as opposed to
one that would call itself multiple times
during its execution).

int gcd(int a, int b) {
if (b ==0){

retfurn q;

} else {

return gcd(b, a % b);

}
}

Euclidean Algorithm (Recursive)

int sumArrayRecursive(int arr[], int n) {
// What is the base case?

/ /Recursive step:
return arr[0] + sumArrayRecursive(??7?, ?77);

}
}

int main() {
int arr[] = {1, 2, 3, 4, 5};
int n = sizeof(arr) / sizeof(arr[0]);
int sum = sumArrayRecursive(arr, n);
cout << "Sum of array elements: " << sum << end|;
return O;



TAIL RECURSION: REVERSING AN ARRAY

void reverseArray(int arr[], int start, int end) void reverseArray(int arr[], int size) {
{ int start = O;
if (start >= end) { //reached 7?77 int end = size - 1;
return; while (start < end) {
} swap(arr[start], arr[end]);
swap(arr[start], arr[end]); start++,
reverseArray(arr, start + 1, end - 1); end--;

} }
}

Tail recursion occurs when a linearly recursive method makes its recursive call as its
last step.

Such methods can be easily converted to non-recursive methods (which saves on some
resources).



WHAT ABOUT FACTORIAL?

int factorial(int n) { int tail_factorial(int n, int acc) {
if (n == 0) { i n == 0)1
| return acc;
return |; } else {
} else { return tail_factorial(n - 1, n * acc);
return ; }
i int factorial(int n) {
} return tail_factorial(n, 1);
ls it tail recursive? } What about this?

{in’r factorial_iterative(int n) {int prod = 1; for (int i = 1; i <= n; ++i) { prod *=i;} return prod;} ]




|BINARY RECURSION

P e e e e e e e e e e T I e

* What is bina ry recursion? I,f’/void towerOfHanoi(int n, char source, ch&ir\
" dest, char aux) { |
T ~ o if(n==1)

(’/Algorithm BinarySum(A, i, n): cout << "Move disk 1 from " << .
' Input: An array A and integers i and n X source << " to " << dest << endl; |
Output: The sum of the n integers in A starting at index : return; |
'if n == 1 then ) .
return A[i |; towerOfHanoi(n - 1, source, aux, dest);
 return 5 cout << "Move disk " << n << " from "
BinarySum(A, i, n/ 2) + BinarySum(A, i+ n/ 2, n/ 2) << source << "to " << dest << endl;i

-
-

towerOfHanoi(n - 1, aux, dest, source); !

T

Let us see the recursion trace... Used heavily in merging and tree traversals...



|COMPUTING FIBONACCI NUMBERS: BETTER WAY. ..

1 #include<bits/stdc++.h>
2 using namespace std;

3

4 int fib{int n)

5+ |

5 if (n <= 1)

7 return n;

3 return fib({n-1) + fib(n-2);
s 1}
1a
11  int main ()
12~ {
13 int n = 9;
14 cout << fib(n);
15 getchar();
16 return @;
17}

Is binary recursion better here?

int fibonacci(int n) {

}

if (n<=1){
return n;

}

int first = O;

int second = 1;

int result;

for (inti = 2;i<=n;i++){
result = first + second;
first = second;
second = result;

}

return result;

1 #include <iostream>

2 using namespace std;

3

4

5

& int fib{int n, int a = @, int b = 1)
7= {

8 if (n == @)

9 return a;
18 if (n == 1)
11 return b;
12 return fib{n - 1, b, a + b);
13 1}
14

15 // Driver Code
16 int main()

17~

18 int n = 9;

19 cout << "Fib(" << n << ") = "
2@ << fib(n) << endl;

21 return @;

22 1}

What is the type of this rec.?



WHAT IS ALGORITHM COMPLEXITY?

T~ xomoor »

(A metaphor: searching car keys in your home)

NTTITH—TXmoor >



FEW MORE COMPLEXITY EXAMPLES. ..

Exponential: 2"

Constant: 1

™ L ]
* .
] L]
. . . o
° . * * ° ® ° s
. ® [
L] o0 . . F 4
.
L] ® o ® L
. . . o & °
L ]
® .
SSTEM TSP

Mr X7

Quadratic (greedy heuristics): n?

1 A C++ Primer

1.1 Basic C++ Programming Elements . . . . . . . .. . ... .. 2
1.1.1 A Simple C++ Program . . . . . .. .. ... ... ... 2
1.1.2 Fundamental Types . . . . . . . . ... ... ... ... 4
1.1.3 Pointers, Arrays, and Structures . . . . . . ... . ... 7
1.1.4 Named Constants, Scope, and Namespaces . . . . . . . 13
1.2 Expressions . . . . .. .. ... ... 16
1.2.1 Changing Types through Casting . . . . ... ... ... 20
1.3 Control Flow . . . .. .. ... ... .............. 23
1.4 Functions . . . . . .. ... ... 26
141 Argument Passing . . . . . ... .. ... ... 28
1.4.2 OQverloading and Inlining . . . . . ... ... ... ... 30

Logarithmic: log(n)

Log-linear: n.log(n)




TASK FOR YOU...

-

would you prefer?

.

N

You want to look for a word in a dictionary that has every word
sorted alphabetically. How many algorithms are there and which one

)




( LeetCode Js CODEFORCES OHackerRank

| WHY IS IT SO IMPO RTANT? Metaphor: Daily Budget and Spending

Problem Statement: Input :arr[]= {100, 200, 300, 400}, k =2 Output: ?77?
Prol?'lem Name: "Maximum Subarray = for (inti=0;i < n; i++) { for(int i = 0; i < n; i++) {
Sum for (int j = i; | < n; j++) { int currentSum = 0;
Input: An array of integers. = int Cﬁ’rrems‘fm = O;' for(int j = i; j < n; j++) {
= for (int k = i; k <=j; k++) { currentSum += arr[j];
OUTpUT: maximum sum. g currentSum += arr[k]; if (currentSum>maxSum){
Ll
. — } maxSum = currentSum;
Constraints: S if (currentSum > maxSum) { }
* Time Limit: 1 second Q maxSum = currentSum; } Complexity?
- o } }
Memory Limit: 256 MB =) Cfor(nti= T i<mitH T

currentSum=max(arr[i], currentSum + arrfi]);

* 1 <= Array Size <= 10"6 }

- _1079 <= Array Element <= 1079 Complexity? maxSum = max(maxSum, currentSum);

I_
1
~—
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
L

[ Efficient solution: Kadane's Algorithm using DP (Ignore —ve subarray sum): Complexity is 7?7 ]




|FUNCTIONS FOR ALGORITHM ANALYSIS

E(Seqﬁng in the class everydoy)i E(Reqding chapters of book) | (Climbing qAqud_er quickly) (Population growth)
BTN 04 e o 4

= E E / = :

L = |- L _ : =

c O(1) c O() .- || ¢ L s e 3

.9 .0 -7 e | | o) . on
E [t = - E E

'3 3 3 logo(n) 3 4

0 -0 Phe L0 | )

- X XL - X - X : ,
| L > i > | ’ = — _—

Input size(n)

Input size(n)

Input size(n)

Inpr

si'ze(n)_‘

(Constant Function) (Linear Function)

(Logarithmic Func’rion)é (Exponential Func’rion)é

Ex.s: Array indexing, Vari gy s: Searching in unsorted Ex.s: Finding a word in a d Ex.s: Fibonacci sequence, T

able assignment, Basic arit array, Printing all element ictionary, Treasure hunt, et owers of Hanoi, Generatin

hmetic operations, ... s of a list, ... C... g all subsets of set, etc...



COMPLEXITY EXAMPLES FROM REAL LIFE

Tkm 1km 1km 1km o

: Y
| ) | ) | ) | e (Ex1) Total distance over time? (linear)

* Per day effort? (constant)

S

A
N~ [ axny=1/2

-
* Total distance over time? (quadratic) ¢ Per day effort? (linear) oy

) Tkm 2kms 3kms (EX2)
d ; | )

} | Sy Q@ Mon Tues Wed
= 2 / 3

2 (nNXn) = n2/2 + n/2 Y n(nt1)/2, for n>=1 ’

[QUG: 1+4+9+16+25+...n cubic {[n(n+1)(2n+1)]1/6} ] EEERE




TASKS FOR YOU...COMPLEXITY?

function isEvenOrOdd(n) { list<int> numbers {'I , 2, 3, 4}; int binarySearch(int array[], int x,
int low, int high)

if (n%2 == 0) for(int number : numbers)

{ {

return even; non : <= hi
; cout << number <<", ", while (low high)

else } {

return odd; int mid = low + (high - low) / 2;

} (printing out all the elements) !f (qrray[m!d] == x) return mid;
if (array[mid] < x)
m’r partition(int arr[], int low, int high) { int pivo’rZarr[highh low = mid +1;
inti = (low - 1); else
for (int | = low; | <= high - 1; j++) { high = mid - 1;
if (arr[j] < pivot) { i++; swap(&arr[i], &arr[j]); } } }

swap(&arr[i + 1], &arr[high]); return (i + 1); N\rewm -1; /




| POLYNOMIAL FUNCTIONS AND LOG-LOG PLOT

1: procedure NAIVE-MATRIX-MULTIPLY (A, B) = |
2 n = A.rows iE 2 — Cubic //
3 let C be anewn X nmatrix LF+pq —Quadratic pd
4 for i=1ton do No of multiplications: 1E+21 —Linear // >
5: for j =1 tondo ppl // -
. ci; =0 DL b
T for k =1 ton do » Z Zn 1E+11
8 Cij — C’ij + Ak ka i=1j=1 k=1 i=1j=1 1::3 : //
9: end for N 1E+5 - /
10: end for » Z n2 » 3 o ]
11: end for =1 n 11 1E+2 1E+5 1E+8
12: return C .
13: end procedure (In this log-log graph, the slope of the line
) . . corresponds to the growth rate)
Interestingly, all the functions that we have listed are| power law relations become linear.
part of large class of functions called, polynomials: y = k.x" (y: dependent and x is independent)

— ) log(y) = log(k) + n.log(x), where n is the slope
n) = a, + a;n + a,n? + a,n’ + ...+ a n° 2 09
g( ) 0 ] 2 3 d What is d and log(k) is the intercept.



GROWTH RATE OF AN ALGORITHM

-It describes the rate at which the algorithm's resource requirements (time or memory)

grow relative to the input size.
Algorithm Complexity on Log-Log Scale

Log-Log Plot of Algorithm Complexities

1930 4 —=— 0OI(n) - Linear

— Tin) = 10n"2 (0(n*2)) f(n):n,|og(n) —=- 0(n?) - Quadratic
== T(n) = 1000n lag n (O{n log nk) —= 0(n?) - Cubic
1012 | f( )_ 10%% 7 --+- 0(2") - Exponential
f(n) = n? ognm~ —=g" = n
an) o2 f(n)=a" P logf(n)=loga
— lﬂlil I - 2 J_-__..-
= ogf(n) = log(n pe R
s gt(n) 9(n”) k- g 100 { logf(n)=n.log(a)
£ ! logf(n) = 2. e £
E 100 =-2i P t } 8 .
> ogf(n) : og(n)#ﬁ__ lognHlog(logn) ! § 101 Logarithm depends on n,
= - AL | EREEL I =%
5 sloxpfef : ° . |notonlog(n)
& logf(n)= tical
mloghtC| less PIOT”_—
10* 1 ¥
linear function? 107 Tor algos
10! 10% 10* 10* 10° 10¢ ., . bet.Ter. —
Input Size (n) 101 102
Input Size (n})

[log-log plot with growth rates (running times)as slopes]



__________________________

7
" Natural measure of “goodness”

| BEST CASE, WORST CASE, AVERAGE CASE

4 ) 5 4
=
s-E

Find A: how many
comparisons?

/| Lower bound

Find E: how many
comparisons?

Upper bound

Middle: how many
comparisons?

Typical performance

- (1+2+3+...n)/n —> (n(n+1)/2)/n => (n+1)/2 = n/2 Linear fun of n (ignoring 2)
* Why worst case is important and Average case is most difficult to compute?



(This week’s Lab: Lab 5)

EMPIRICAL ANALYSIS: COMPLEMENT TO BIG-0

_____________________________________________________________

void bubbleSort(int arr[], int n) { ‘Flat profile:

for (inti=0;i <n-1; i++) { ' % cumulative  self self total |
for (intj=0; | < n-i-1; j++) { i time seconds seconds calls ms ms name |

if (arr[j] > arr[j+1]) { i 95.00 1.90 1.90 ] 1900 1900 bubbleSort |

. _ . 1 5.00 2.00 0.10 main :

int temp = arr[j]; \ y

-

e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e = = =

arrfil = arrlit1l; [oor0f Call graph:

index % time children called name

arr[j+1] = temp;

} <spontaneous>
) caller gg§ 100.8 . : main [1]
bubbleSort [2]

} callee

... (with a main function calling it)

[Ques’rion: How do you now verify the quadratic complexity of this algorithm? What are the challenges? ]




; This week’s Lab
class Timer

1 Linear Search took: 37.847 m3.
private: Binary Search took: 0.002 ms.

std::chrono: :time point<std::chrono::high resolution clock: startTimePoint; Enter the size of the array: 7
std::chrono: :time _point<std::chrono::high_resolution_clock: endTimePoint; Enter a gorted list of 7 elements:
double getTimeDifference(); 10 20 30 40 50 &0 70
Enter the target item to search for: 40
public: 40 FOUMD at index 3

Timer(); Binary Search took: 0 ms. }ecurﬁve

void start();

void stop();

double getDurationInSeconds();

double getDurationInMilliSeconds(); . . - " P
double getDurationInMicroSeconds(); h15|(j€3 nq(]|n() Press ENTER to exit EHnSHlE'I

...Program finished with exit cod

b - - .
Timer::Timer() {} O3 Timer timer;
void Timer::start() ag

i 160 timer.start();
startTimePoint = std::chrono::high_resolution_clock: :now(); -1

LErL

} =y 1 =
void Timer::stop() ot linearSearch{arr, n, n);
{ 163

endTimePoint = std::chrono::high_resolution_clock::now(); 1 timer.stop();
H 185

double Timer::getTimeDifference() 166 G ST S S R e

1 . H e tten e
. . . 16 ouble milliSecs = timer.

auto start = std::chrono::time_point_cast<std::chrono::microseconds>(: _ __
auto end std::chrono::time point cast<std::chrono::microseconds:>{en fL:

end - start; 189 cout "Linear Search took:

N 110
double Timer::getDurationInSeconds() 111 timer.start();

i
’ getDurationInMilliSeconds() ; in s na - binarySearch(arr, n, n);

milliSecs ms."

double Timer::getDurationInMilliSeconds() .
i 11 timer.stop();
getTimeDifference() s /7 in milli . .
} 11 /7 function to get time i iLLi nds
?OUble Timer: :getDurationInticroseconds() milliSecs = timer.getDurationInMilliSeconds();

getTimeDifference();

=
o
-
o=
-1
S
=
-
o=
| B
o=
el
=
—
T
O
o
vV
—

cout "Binary Search took: milliSecs
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T r—— ] — o
Finas and returns the |

temhlate typename DT
SinglyLinkedNode<DT> *SinglylinkedList<DT:::nthNodeFromEnd(int n)

{ .
A/ code here
counter 83
tmp ULL;
nthNodeFromEndRecursive({head, n);

7 s F I F b T Crmm e -
tmp, A4 return the n th node from the end

'/ recursive solution to find out the n'th node from the end.

template <typename DT

void SinglylinkedList<DT:::nthNodeFromEndRecursive(SinglyLinkedNode<DT>*head,int n)

{
{head NULLY

k]

nthNodeFromEndRecursive{head->next, n);
counter++;
{counter n}

tmp = head;

Please enter one of the fellowing choices:
1 Inzert at end

2 Delete from end

3 : Print Forward

4 : Print Backward

3 : Rewerse List

& Get H'th node from the end
7 Exit

3

10 20 30 40

Time spent: 0.019 ms.

‘B
cout "Enter N: “;
cin a;
timer.start();
node = list.nthNodeFromEnd(a);
timer.stop();
(node JLLY
cout "Such a node does not exist.”™ endl ;

cout "N°"th node from the end: * node - >dataItem endl;
cout "Time spent: " timer.getDurationInMilliSeconds()

Please enter one of the fellowing choices:
Insert at end
Delete from end
Print Forward
Print Backward
Eeverse List
Get H'th node from the end

Please enter one of the following choices:
1 Insert at end

2 Delete from end

3 : Print Forward

4 : Print Backward

5 : Rewerse List

& Get H'th node from the end

7 Exit

5

Lab no
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ASYMPTOTIC NOTATION FOR COMPLEXITY A

- What is an Asymptote of a curve in maths? Let us see it for

ALYSIS

e * Jm
v
4 S,
C“-\ \ < ot —
e :
L
/Q) )™
L~



COMPLEXITY ANALYSIS USING ASYMPTOTIC NOTATION (B
7

v/
Why Big O7 e« Let us define it!

N
Why is it called a tight upper bouF?d(?

Because, it is as close as possible to
the actual growth rate of the
function. (Ex: Aryan is at most 20

0 o
g(ﬁt N S\,Lf*)

G0

Y,

)

years old, Aryan is at most 25-yeeirs

old, Aryan is at most 30 years old.

Which one is tight and which one is a

loose bound?)

Linear search is O(n), also O(n?), also

B

O(n3), ...which one is tight?

.
{
| $
N S
_ 4 %
- ‘ 7 7~
Data (n) |Fast Comp.((0.01n) [Slow Comp. (180logn)
10" 10.1 seconds & ~332 seconds &
100 ~ 1"second <« [~664%econds
1,000 10 seconds < ~  |~097 seconds %
10,000 100 seconds ~1329 seconds
1,00,000 |[1,000 sec (16.7 min) ~1661 sec (27.7 min)
10,00,000 |10,000 sec (2.8 hrs) |~1993sec (33.2 min)
100,00,000/100,000 sec(2Z,8 hr) (~2325 sec(384 min)




N

Di(ﬂ (€ O g
|B|G 0 EXAMPLES % i/l.'m 0 003 ) )

Justify: the function, f(n)=4n+20 is O(n) Justify: the function, f(n)=n? # O(n




D s ﬁIWxL": /76 ' \ 2>

BIG 0 EXAMPLES commuf R
5 Lotgr e ?/60’\ & b1

l’/
: the function, f(n)=2""2is O(2") = Justify: the ' )=2n +100.log,n is O(n)

- | ch one to choose™? e
~— C I .
. < AV | gnpwimgn e )
2 = & o > izl < < <X
- @)

2% O
c e " 21 =
\
no- X = Analogy: It tak 102 mi h
s }_T/ nalogy: It fakes af most minufes o reach your
5‘ \ — LN destination. (an overestimate, but works no matter
~ " [ ?
)L @% L \=F what?) | |

X \ — \ It actually takes around 3 minutes per kilometer, but only

2_? L 1\01' ~ C if you're on the highway. (accurate, but applies to long

- distances)



BIG O'EXAMPLES CONTINUED... = -

action, f(n)=n? + n + 2 is O(n?) | Justify: the function f(n) = 3n° + 20n? + 5 is O(n°)

2 . MAMrlg:CZA,anan:@

) y

Justify; the

3 < c L 21/13-/— bn+s”§c.ﬂ
| + 0= = ng
WIRN 4 L,y 242 <
1 {?’*‘i s N 1
~ ) ) %H | B _ C -,



RECAP: BIG-0

* Why is it called tight upper bound?

cg(n) What is the relation between Big-O and growth
rate?

How to choose an appropriate combination of ¢
and n, out of many possible ones?

mz — —

There exists ¢ > 0 and ny such

that f(n) < cg(n) whenever n = n,,.

f (n) is O(g(n))



RECURSIVE FUNCTIONS: RECURRENCE RELATION (EXT)

void fun(int n) { * A recurrence relation is a way to define a function or
if (n>0) sequence in terms of itself.
{
° i+
prin’rf(“%d", n); Let us solve it
fun(n-1);
} Un(n )I T( ) B cn < 0 O(n)
\ WaITm=1) +k,n>0 4
Int main() { T(n-1) = T(n-1-1) + k
int x = 4;
fun(x); > T(n) = T(n-2) + k + k = T(n-2) + 2k
return O;

) > T(n) = T(n-i) + ik > n-i = 0 > T(0) + nk D¢ + nk




EXAMPLE 2
AN

T(nN)=2T(n/2) +n Where, T(1) =1 Assuming n/2' = 1

2> n=2
T(n/2) =2 T(n/4) + (n/2)

T(n) = n.T(1) + log,n.n
>T(n) =2{2.T(n/4) + (n/2)} + n =4 T(n/4) + 2.n

=2T(n) = n + nlog,n
T(n/4) = 2.T(n/8) + (n/4)

= O(nlog,n)
> T(n) =4.{2.T(n/8) + (n/4)} + 2.n =8.T(n/8) + 3.n |

Log-linear

T(n) = 2.T(n/2") + i.n



B I G - 0 R U I- ES //’ int findBiggestNumber(int arr[], int size) { \

! int biggest = arr[0]; :
) . I for (inti=1;i <size; i++) { [
1. If an algorithm performs a certain sequence of I if (arr[i] > biggest) { I
steps f(N)times for a function f, it takes O(f(N)) ; ) o !
! biggest = arr[i]; I
steps. I I
= ) -
This algorithm examines each of the N items once, : } :
so it’s performance 777, |\ return biggest )
S } _

2. If an algorithm performs an operation that takes ,-=-==-===="=—==—-——-—-==-==-=-=
f(N) s’regs and I’{r)hen performspono’rher operation '/ int fincBiggestNumber(int arrl], int 5|ze){ )

= ?
that takes g(N) steps for function f and g, the int biggest = arr[0]; //

. . for (inti=1;i <size;it+){//?
’ 7?77 i ’
algorithm’s total performance is 7?77, i (arr[i] > biggest) {

biggest = arrli];
The total runtime of the algorithm is 7?7, -

[ ——



CONTINUED. ..

If an algorithm takes O (f(N) + g(N)) steps and
the function f(N) is bigger than g(N),
algorithm’s performance can be simplified to

O (£(N)).

has

O(N+
2) runtime. When N grows very large, the

findBiggestNumber  algorithm

function N is larger than our constant value 2,
so algorithm’s runtime can be simplified to 7?7,

. If an algorithm performs an operation that
takes f(N) steps,
another operation

and every step performs
that takes g(N) steps,
algorithm’s total performance is ?77?.

=

=

,’ int findBiggestNumber(int arr[], int size) { »
int biggest = arr[0]; // O(1
for (inti=1;i <size; i++) { //O(n)
if (arr[i] > biggest) {
biggest = arrli];

[ —

}
}
return biggest; //O(1)

\ } /
\\ _____________________ ’/
,/ bool containsDuplicates(int arr[], int n) { \‘
: for (inti=0;i<n;i++){ I
I for(intj=i+1;j<n;jt+){ :
: if (arr[i] == arrfj]) { :
I return true; // duplicate found |
I I

P}
\ om?) |

return false; }

O e e e e e e B BN NS BN EEe EEe EEe EEe EEe e e Gme Eme s e



BIG-O AND GROWTH RATE

*The big-Oh notation gives an upper bound on the
growth rate of a function without capturing
hardware details.

°The statement “f(n) is O(g(n))” means that the
growth rate of f(n) is no more than the growth rate
of g(n).

*We can use the big-O notation to rank functions
according to their growth rate.

f(n)is | g(n)is O(f(n))
O(g(n))

g(n) grows more | Yes

f(n) grows more Yes

Same growth Yes Yes

-——— - EE EE D ED SE ED R SE EE SR ER SE SR EE S Em R .

//’-O(l) — constant time, the time s~
, Independent of n, e.g. array look-up

-~
-

*O(log n) — logarithmic time, e.g. binary
search

*O(n) — linear time, e.qg. linear search

‘O(nlog n) - e.qg. efficient sorting
algorithms

*0O(n?) — quadratic time, e.g. selection sort

‘O(n%) — polynomial (where k is some
constant)

*O(2") — exponential time, very slow!

', *O(1) < O(log n) < O(n) < O(n * log n) <
\Q(nZ) < 0O(nd) < O(2M L

o e o e e e o e e e e e e e e e e e e Eee e s
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STRICT UPPER BOUND: SMALL-0

What about small o ? (Upper bound that is not tight)

Used in Asymptotic proofs.

If f(n) = o(g(n)), it means f(n) grows strictly slower

than g(n).
not a tight bound but an overestimate
f(n)
0<f(n)<c-gn) lim ——==0
f g Orl n—ooo g(n)
Let f(n) = nlogn, and g(n) = n? Prove that f(n) is o(g(n))
logn
i f(n) R nlogn > lim g
n—>°0g(n) n-o n2 n—c0 n
d(logn)/dn ~1/n
L-Hospital Rul ' — =
ospital Rule Al_r}(}o a(n)/dn 711_r>rc}10 1 0

Hence, nlogn = o(n?)

Prove that: n = o(n?)

n
lim— —  Jim- =0
n—-ocon n-oon

Hence, n = o(n?)

Prove that: n? # o(n?)

" nz
Im— =1 % 0

n—oo nZ
Hence, n? # o(n?) Rather, n? = O(n?)

Big-O allows equality, but small-o requires
strict growth separation.



BEST CASE BIG €2 AND AVERAGE CASE BIG

Big-Omega Notation (Q) £ ra

g (n)

-Just like Bio-O provides asymptotic upper-bound, Big-Q §aS

provides asymptotic lower-bound on the running time. f(n) = Q(g(n))

f(n) i1s Q(g(n)) iIf there exists a constant ¢ > 0 and an _5 n
integer constant ny > 1 such that f(n) > c.g(n) for all n > n, Q(nlog n) "0

c28(n)

Let, f(n) = 3n.logn + 2n Justification: 3n.logn+2n > 3n.logn, for n > 2 f(n) = 9(g(n))\_ =

Big-Theta Notation (©)

mg——l

f(n) Is ©(g(n)) , If: f(n) is both O(g(n)) and Q(g(n))

f(n) is ®(g(n)) if there are constants ¢, > 0 and ¢, > 0 and an .
integer constant ny = 1 such that c;.g(n) < f(n) < c,.g(n) for n = n, 1o "

3nlognt+4n+5logn is O(nlog n) 3nlogn < 3n|ogn+4n+5|ogn < (3+4+5) nlogn forn > 2
Que. For You: Linear search, Binary search”? Of(n), ®(n/2) Of(logn), (1), O(logn)



EXAMPLES OF BIG-C€2 AND BIG-®

5n? is QQ(n?)
f(n) is C2(g(n)) if there is a constant ¢ > O and an integer constant ny = 1 such that f(n) = c.g(n) for
n 2 ng
For,sayc=5andny, =1 =» 5.12>5.12 True.

5n? is Q(n)
f(n) is Q(g(n)) if there is a constant ¢ > O and an integer constant ny = 1 such that f(n) = c.g(n) for
n2ng
For,sayc=1andny, =1 => 512> 1.1 True.

5n? is O(n?)
f(n) is O(g(n)) if it is 2(n?) and O(n?). We have already seen the former, for the latter recall that
f(n) is O(g(n)) if there is a constant ¢ > 0 and an integer constant ny = 1 such that f(n) < c.g(n)

for n =2 n,
letc=5and ny =1



|PREFIX AVERAGE EXAMPLE

35
4 R O X
*The i-th prefix average of an array X is S
pf " 9 I >;c Applications: | 3q | N
i i + : ]
average of the first (i + 1) elements of X Eco (Mutual A
Ali] = (X[0] + X[1] + ... + X[i])/(i+1) Fund Avgs.) | 25 -
N J (T 1
S P ~ 20 HTHIH| H
, Algorithm >, sAlgorithm N —
[ Input array X of n integers 1| Input array X of n integers 15 HIHTHL L A T
I Output array A of prefix averages of X:I Output array A of prefix averages of X:
: A<new array of nintegers n .: A < new array of n integers n
I fori< 0Oton-1do n I s« 0 1 10 il
| 5«0 n ::fori<—0ton—1do n,
1 forj«Otoido 1+2+..+n Il S« s+ X]i] n i 5 HIHIHIHIHI|H]| -
| s s+ X[] 1+2+..+n :: Ali] < s/ (i+1) n |
i Alij«s/(i+1) n 1 return A 1 0
\ return A On?) 1 Al o) ) T T T T

S L. G g 1 2 3 4 5 6 7




THANK YOU!

Next Class: Common Data structures (Stacks, Queves, Deques etc.)



