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(S F211: DATA STRUCTURES & ALGORITHMS
(20 SEMESTER 2024-25) |
PRIORITY QUEUES AND HEAPS

BITS-Pilani Hyderabad Campus



|PRIORITY QUEUES: WHAT ARE THESE?

* Arrays, Linked lists: Explicit Linear ordering
* Priority queues: Implicit Linear ordering

°* How did you decide BITS campus to choose
from several institutions?

Priority may also depend on multiple variables:
- Two values specify a priority: (q, b)
- A pair (ag, b) has higher priority than (¢, d) if:

- < r . .
a=co Lexicographic order

-a=cand b <d
- For example, (5, 19), (13, 1), (13, 24), and (15, O) all have higher priority than (15, 7)



PRIORITY QUEUE ADT: EX. OPERATIONS

T T : o)P L2
[ ¢f

oA priority queue stores a collection of entries. ™, |
Y\Q"4‘{ 4) s

] \ i

*Typically, an entry is a pair 1
(key, value), where the key indicates the
riority.

aed (F) 0 - %4?52
WA (6) 7 _ %4} GJTJ(

*Main methods of the Priority Queue ADT
* insert(e): inserts an entry e.
\ * removeMin(): removes the entry with
smallest key.

*Additional methods

=¥
= min(): returns, but does not remove, an entry oA p
with smallest key.

| 5 6 % f
" size(), empty() Joo ke "
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S S S
PQ-SORT(S, C) ALGORITHM . .+

v 7/
Input: S, C for the elements of S 26 template <typename E, typename C>
OUTpUT' S sorted in increusing order 27  void ListPriorityQueue<E,C>::insert(const E& e) {
;P '.- ) ‘__h — C 28 typename list<E>::iterator p;
«— —
P priority queue with comparator 20 p = L.begin();
, while 71S.empty () { 1 y 7 30 while (p !'= L.end() && !(e <*p)) ++p;
e S,fronﬂ); , y 31 L.insert(p, e); ——a
S.eraseFront(); 5& 2}
/P.insert (e); S’I i3
} - 4 F)A-""’ N\ 34 template <typename E, typename C>

35 const E& ListPriorityQueue<E,C>::min() const

while —P. emg’rg(]{ "')KS]/ 36 { return L.front(); }

e «— P, mln(] -

v
: template <typename E, typename C>
k} 38
w P I’EMDVEMIH )f g< { 2 \1 30 void ListPriorityQueue<E,C>: :removeMin()

mser’rBuck S.insertBack(e); _______ﬁ______. 40 { L.pop_front(); }
- ey

} —

l



CONTINUED. ..

Insert
Get size
Check if empty

Remove minimum e
Exit

LA . ] ] L] L] ] e L] ]

M AN HWNM

nter element to be

element to be

element to be

element to be

Size 1is : 4
3

Get minimum element

lement

inserted

inserted

inserted

inserted

The list is not empty

a
Minimum element : 10
5

Removing minimum element

a4
Minimum element : 34




| ELECTIO SORT EXAMPLE

Selection-sort is the variation of PQ-Sort where
), 7, 25,7

(_’_%E?Iueue is.- implemented with an
unsort ce < -
) C_” 2 <, P

Let us see an examplel

) 2
Running time of Selection-sort: 0 Lv\\ ?7\ Ll' S, {) ( ) )

1. Phase 1 takes how much time? (S'-: o,
Removing the elements in sorted order | (’ , 7,2 g;ﬁ) y
\“ )from the priority queue with n ? 'ﬁ _—
operations takes how much time? L, <
/ P 0 3 4} (%1 / ﬁ)
3. What is the final time complexity?




(INSERTION SORT EXAMPLE" ™
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22

24
25
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27
28

v

Initial Priority Queue: 50, 25,
Final Priority Queue: 25,

4

A

std;

void display_priority_queue(priority_queue<int> pq);
int main(Q) {

priority_queue<int> numbers;
numbers .push(25);
numbers.push(50);
numbers .push(10);
cout "Initial Priority Queue: ";
display_priority_queue(nhumbers);

numbers.pop();
cout "Final Priority Queue: ";
display_priority_queue(nhumbers);

}

void display_priority_queue(priority_queue<int> pq) {
('pg.empty()) {
cout pq.top() "y "3
) pa.pop(Q);

cout endl;

}

D
10,
10,

W oo~ U & WM

WWRNMNMNNNNNNNN R 2R R R R s
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100
90
80
70
60
50

std;

struct student { //defining the student structure
int roll,marks;
student(int roll, int marks)
: roll(roll), marks(marks)
{
}

H

struct comparemarks{ // defining the comparemarks structure
bool (O(student const& sl, student const& s2)
/soverloading the operators of the student structure

{

1
hH
int mainQ)
{
priority_queue<student, vector<student->, comparemarks> M;
/7 using the priority queue.
int a[ROW][COL] = {{15, 50}, {16, 6O},
{18,70}, {14, 8o}, {12, 90}, {20, 100}};
(int i ;1 < ROW; ++1) {
M.push(student(al[i][@], a[il[11)); //inserting variables in the queue

sl.marks < s2.marks;

}

cout<<"priority queue for structure :

('M.empty()) {
student s = M.top();

M.popQ);
cout

:"<<endl;

nomn n n

s.roll s.marks ; //printing the values

priority queue for structure ::
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HEIGHT OF A BINARY HEAP ]
() cliogn 3

Proof:
A

l-)

_' [ 244822 Yo 9yt
2y tlet o2 42 =2
- ; L B

A~

h

< n £ —
/d'“r\\ 2 — / /h‘_'z _

Theorem: A heap storing 'n' keys has height ?
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4
|!.!L_P_IE_AP (HEAPIFY-UP OR BUBBLE-UP OR CASCADE-UP)

R ™

e

62 template <typename E, typename O>
63 » void HeapPriorityQueue<E,(>:

64 T.addLast(e);

65 Position v = T.last();

66 v while ('T isRoot(v)) {

67 =  Position u = T.parent(v);
68 if (.(iz_f *u)) ?EFak’

69 T.swap(v, u);

70 \_rq?-ﬁr"_‘

71 }

72}

—— e ———

// insert element

:insert(const E& e) {
// add e to heap

/[ e's position
/I up-heap bubbling

[/ if v in order, we're done
/l ...else swap with parent

2 e

Time Complexity: Q (?), 0 (?), O('ﬁ

——

h-————————————————————————

-
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e e e el e el e ™

-

/ _
'DOWNHEAP (CASCADE-DOWN OR BUBBLE DOWN)

_____________________________________________ T - ‘\/
e _ - o N Remove root from this heap!
¢ 74 template <typename E, typename C> // remove minimum 60

75 » void HeapPriorityQueue<E,C>::removeMin() {
76 if (size() == 1) // only one node?
77 T.removelast(); /! ...remove it
78 = else {
75 Position u = T.root(); // root position
80 T.swap(u, T.last()); // swap last with root
81 T.removelast(); // ...and remove 1gst
82 v while (T.hasLeft(u)) { // down-heap bubblipgx
83 Position v = T.left(u);
84 if (T.hasRight(u) && (*(T.right(u)) < *v))
85 v = T.right(u); /f v is u's smaller child
86 if ((Fv < *u)) { // is u out of order?
87 T.swap(u, v); [/ ...then swap
838 u = v;
89 }
90 else break; // else we're done
91 }
A ; J Lab 10 Next week
~ ’

Worst case Time Complexity: O(?)



: Get size

UPDATING LAST NODE IN A HEAP iy

: Remove minimum element
= Exit

-~ -

4 ~
,/ function updatelastNode(heap, newValue){®,

nter element to be inserted :

: ' lement t inserted :
: n = heap.size; | STSmEnT TO Be Anmerte
[ I
I lastindex = n—1; ' element to inserted :
I —_— 1
_ . I
! heap[lastindex] = newValue; , lement to be incorted -
1
| parentindex = (lastindex - 1) / 2; |
: I element to inserted :
I if heap[lastindex gﬁeqp[gqren’rlndex] I
I | : Si 5
- 1Ze =
l heapifyUp(heap, lastindex); : 2
I I Heap is not empty
: else | a
I " £ (h | nd ) I > 1 - 3! v 'S :1n1mun element : 5
...... eapityDpwn(heap, lastindex); ! i ini
I‘ ' ’r ; (I_ab 10 next Week) ienov1ng minimum element
\ } ," Minimum element : 10
i . o~ - ’



MACHINE SCHEDULING: APPLICATION OF HEAPS

- 3 machines and 7 jobs
- Task/ job times are [6, 2, 3, 5, 10, 7, 14]
- Possible schedule

__________________________________________________________________________
e
7’ \\

2 7 21 i What is the finish time?

3 13 i Are there any better

’
____________________________________________________________________________



LONGEST PROCESSING TIME FIRST

Jobs are scheduled in the order
14, 10, 7,6, 5, 3, 2

Each job is scheduled on the machine on which it finishes earliest.

________________________________________________________________________
-~ ~

N
A Y

14 16

Y ,

i:__% L 15 i What is the finish
EE B i time?

8 7 13 16

,E Lab 10 next week

~ 7’
___________________________________________________________________________



| vpid heapify(int arr(], int n, int i) {
A int Ic:rgles’r =i o
intleft=2%*j+1,v
intright =2*i+ 2: -
// Check if left child exists and is > root V
~

s -
7 L~

le 10 3 5 1 8 7

|

|

|

|

|

|

|

if (left < n && arr[left] > arr[largest]) :
largest = left; |
// Check if right child exists and is > largest so far :
if (right < n && arr[right] > arr[largest]) ¢ |
|

|

|

|

|

|

|

|

|

|

|

|

// If largest is not root, swap and heapify the affected

subtrees recursively
if (largest 1=1i) {

v SWGP(M[ﬂr arrfla I'QEST]]; v "/
heapify(arr, n, Iurgest);dj_;:

|

|
|
|
|
|
|
|
|
|
|
: largest = right;
|
|
|
|
|
|
|
|
|
|




| ANOTHER EXAMPLE: BUILDING MIN HEAP

|
Example: Build a Min-Heap from the array: j‘ v 2.
9 4 7/ 1 2 6 5 . v 3
8 — \ d
2= 2 v 4 A )7
4 L
\ T

DL ¥ -

(7 LO\AV\\)S kl l’)\é
C""_"“'--.

A Imgjw‘b}é
N T T [ ]5 ol

\J
N

7
§
a)
=),
-




'BUILDING HEAPS USING C++ STL

#Hinclude <iostream> std::pop_heap(vec.begin(), vec.end());
#Hinclude <vector> vec.pop_back();
#Hinclude <algorithm> std::cout << "Max Heap after
int main() { popping the largest element: ";
std::vector<int>vec = {3, 1,4, 1, 5, 9, 2}; for (int i : vec) {
std::make_heap(vec.begin(), vec.end()); stducout << i<<"",
vec.push_back(8); )
std::push_heap(vec.begin(), vec.end()); std::cout << std::endl;
std::cout << "Max Heap after pushing 8:"; return 0;
for (int i : vec) { )

std::cout << i<<"";

Min Heap: make_heap(minHeap.begin(), minHeap.end(), greater<int>());



OTHER STL IN (++

Feature | priority_queue(STL) | make_heap(STL)

Impleme | Uses a binary heap | Converts a vector

ntation | internally into heap structure

Insertion | push() adds an No direct insertion:

element efficiently use push_back()

followed by
push_heap()

Deletion | pop() pop_heap()
followed by
pop_heap()

Default | Max Heap Max Heap

type

When Frequent insertion One time heap

to use? | and removal structure

std;

int main() [{

bPinPity_queue int, vector<int ., greater<int>> pq;
pq.push(1e);
pq.push(4);
pq.push(15);
pq.push(20);
pq.push(1);
cout "Priority Queue {Min Heap) Output: ";
(‘pg.empty()) {
cout pq-top()
Pg.pop();
}
cout

endl;

vector<int minﬁeap _{ s 4, s s 13};
make heap(minHeap.begin(), minHeap.end(}, greater<int>({}});

"make heap (Min Heap} Output: ";
{ !minHeap.empty()) {
pop_heap{minHeap.begin(), minHeap.end(), greater<int>{));
cout minHeap.back() -
minHeap.pop back();

cout

1
J

cout endl;

Priority Queues (Min Heap) Cutput: 1 4 10 15 20
make heap (Min Heap) Cutput: 1 4 10 13 20




57O T I¥AR Ty
|HEAP SORT: APPLICATION OF HEAP

inf n = arr. 3|ze() *
1 // Build a max- heap 7
\for (int i = n/2 1 i >\/ Y ]

for(jvml n-1;i>0;i--){
// Move current root to the en
swup(mw] arti




| COMPLEXITY OF HEAP SORT

- Building the Heap: O(n) Extracting elements: O(nlogn) max (n, nlogn) = O(nlogn)
Extracting root: O(1), Heapify the remaining heap: logn

Work done at each level: Repeqfed n times: nlogn
- The heapify operation at a node at level i : O(h-i), where h is the height of heap.

(because the node might need to swap its way down to the bottom of the heap)

2 Total work done: Z?zo(Number of Nodes atleveli) X O(h —1i)

h
- E 20 x O(h — i) = O(Zh 2i(h —1)) = 0(XL_, 2h~k k)
i=0 =0

Constant 2
h
As, 2k = 2h [ 2kand 2h <= n, the sum can be rewritten as: O(n.z Zik ) 2 o)
k=0



v
BOTTOM-UP HEAP (ONSTRU(TION

by building the heap in a bottom-up fashion rather than inserting and then heapifying. It will be O(n).

v
In the first step, we construct (n+1)/2 elementary heaps storing one entry each.
Y "\ 0 A

— -
- .

L
’J




IN-PLACE HEAP

(a) |L}'|T|']|]|'=|

i)

SORT

of
7]

© [BTIT2]2T3 'JR:
ofke
3
w EOEEE P
1

(i) [1]2]3]a]|7]

oy

O,

function heapSort(arr) {
n = length(arr)
for (i=n/2-1,i>=0; i--)
heapify(arr, n, i); Build a Max-heap
for(i=n-1,i>=0,i--)
{ swap(arr[0], arr[i]); }Ex’rroc’r elements
heapify(arr, i, 0);

I

I

I

I

I

I

I

I

I

I

I

I

I

: function heapify(arr, n, i) {

: largest =i ;

I left =2*i+ 1;

 right =2 *i+ 2

: if (left < n && arr[left] > arr[largest])

I largest = left;

: if (right < n && arr[right] > arr[largest])
I largest = right;

: if largest I=i:

: swap(arr[i], arr[largest]);

I # Recursively heapify the affected sub-tree
: heapify(arr, n, largest);

I



1alx )y) v
MERGING TWO HEAPS
I.BJ |24 4(Y

vector<int> mergeHeaps(vector<int>& heap]l, vector<int>& heap?2) {
‘.‘ ." vector<int> mergedHeap = heap];
mergedHqu.ins?f_’r(mergedHeqp.end(), heap2.begin(), heap2.end());

— —

// Build a max heap from the merged array
L it = i~ a():
Merged int n = mergedHeap.size();
[3’8’5.’2*4’6] for(inti=n/2-1;i>=0;i--)

heapify(mergedHeap, n, i);

Array:

return mergedHeap;




THANK YOU!

Next Class: Maps, Dictionaries, Hash tables...



